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Abstract
The paper is devoted to the asymptotic behavior of value functions of abstract control
problem with the long-time and discounted averages. The Uniform Tauberian Theorem
for these problems states that the uniform convergence of value functions for long-time av-
erages (as the horizon tends to infinity) is equivalent to the uniform convergence of value
functions for discounted averages (as the discount tends to zero), and that the limits are
identical. According to Miquel Oliu-Barton and Guillaume Vigeral, this assertion holds
if the set of all feasible processes is closed with respect to concatenation. In this paper,
we refine this condition.
Keywords: Dynamic programming principle, Tauberian theorem, Abel mean, Cesaro
mean, control problems.
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Assume the following items are given:
• a nonempty set Ω ;
• a nonempty subset K of mappings from R≥0 to Ω ;
• a running cost g : Ω 7→ [0, 1]; for each process z ∈ K, assume the map t 7→ g(z(t)) is
Borel-measurable.
For all ω ∈ Ω , define
Γ(ω)
△
= {z ∈ K | z(0) = ω} ∀ω ∈ Ω
as the set of all feasible processes z ∈ K that begin at ω .
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Let us now define the time average vT (z) and the discount average wλ(z) for each process
z ∈ K by the rules:
vT (z)
△
=
1
T
∫ T
0
g(z(t)) dt, wλ(z)
△
= λ
∫ ∞
0
e−λtg(z(t)) dt ∀T, λ > 0, z ∈ K.
Also define the corresponding value functions:
V [vT ](ω)
△
= inf
z∈Γ(ω)
vT (z), V [wλ](ω)
△
= inf
z∈Γ(ω)
wλ(z) ∀ω ∈ Ω, T, λ > 0.
Note that the definitions are valid.
For all processes z, z′ : R≥0 → Ω and h > 0 such that z(h) = z
′(0) , define the concatena-
tion z ⋄h z
′ : R≥0 → Ω is as follows: (z ⋄h z
′)(t)
△
= z(t) if t < h, and (z ⋄h z
′)(t)
△
= z′(t− h) ,
if t ≥ h.
In initial version of Theorem 6 in [1], one stated that for a set K closed with respect to
concatenation (for all τ > 0 ),
The Tauberian theorem for an abstract control systems [1, Theorem 6] states that the
following limits exist, are uniform in ω ∈ Ω , and coincide
lim
T↑∞
V [vT ](ω) = lim
λ↓0
V [wλ](ω) ∀ω ∈ Ω (1)
if at least one of these limits exists, and is uniform in ω ∈ Ω.
Note that initially in [1] it was assumed that for this theorem to hold, the set K should be
closed with respect to concatenation. An example below will show that the requirement “K
closed with respect to concatenation” is insufficient for it.
We agree that the proof of [1, Theorem 6] is correct (see the corrected version of the proof
in https://hal.archives-ouvertes.fr/hal-00661833v2) if we additionally assume that any process
obtained by cutting the beginning of a feasible process is also feasible, i.e., for every process
z ∈ K and every time moment τ > 0, the map R≥0 ∋ t 7→ z(t+ τ) is also in K . In this case,
K = {z′ ⋄τ z
′′ | ∀z′, z′′ ∈ K, z′(τ) = z′′(0)} ∀τ > 0. (2)
Now, we can also formulate the Uniform Tauberian Theorem for abstract control system as
follows:
Theorem. Assume that K satisfies ( 2 ) .
Then, all limits in ( 1 ) exist, are uniform in ω ∈ Ω , and coincide if at least one of these
limits exists, and is uniform in ω ∈ Ω.
The example.
Set Ω
△
= R≥0 × R≥0 × R≥0. Define
g(x, y, r)
△
= 0 if x ∈ [1, 2], r = 0 and g(x, y, r)
△
= 1, otherwise.
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For all ω = (x, y, r) ∈ Ω , define aω : R≥0 → Ω as follows:
aω(t) = a(x,y,r)(t)
△
= (x, y, t+ r) ∀t ≥ 0.
In particular, aω(0) = ω for all ω = (x, y, r) ∈ Ω.
Also, for all s ∈ R≥0 , define bs : R≥0 → Ω as follows:
bs(t)
△
= (st, t, 0) ∀t ≥ 0.
In particular, bs(0) = (0, 0, 0) for all s ∈ R≥0 .
Set
K
△
= {aω |ω ∈ Ω} ∪ {bs | s ∈ R≥0} ∪ {bs ⋄τ abs(τ) | s, τ ∈ R≥0},
Γ(ω)
△
= {z ∈ K | z(0) = ω} ∀ω ∈ Ω.
It is easy to see that Γ(ω) = {aω} for all ω ∈ Ω \ {(0, 0, 0)}. Note that a(x,y,r) ⋄τ z is well-
defined for some z ∈ K iff τ > 0 and z ∈ Γ(a(x,y,r)(τ)) = Γ(x, y, r + τ) iff z = aa(x,y,r)(τ).
Moreover, a(x,y,r) ⋄τ aa(x,y,r)(τ) = a(x,y,r) for all τ > 0 .
Thus, K is closed with respect to concatenation.
It is easy to see that vT (aω) = wλ(aω) = 1 for all λ, T > 0, ω ∈ Ω. Therefore,
V [vT ](ω) = V [wλ](ω) = 1 ∀ω ∈ Ω \ {(0, 0, 0)}.
Since
g(bs(t)) ≤ g((bs ⋄τ abs(τ))(t)) ≤ g(b0(t)) = g((b0 ⋄τ ab0(τ))(t)) = 1 ∀s, t, τ ≥ 0,
we obtain
vT (bs) ≤ vT (bs ⋄τ abs(τ)), wλ(bs) ≤ wλ(bs ⋄τ abs(τ)).
Then,
V [wλ](0, 0, 0) = inf
s>0
wλ(bs), V [vT ](0, 0, 0) = inf
s>0
vT (bs) ∀T, λ > 0.
It is easy to prove that vT (bT/2) = 1/2 ≥ vT (bs) for all s > 0 . Therefore,
V [vT ](0, 0, 0) = 1/2 ∀T > 0.
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In addition, for any s, λ > 0, we obtain
wλ(bs) = λ
∫ ∞
0
e−λtg(bs(t)) dt
= λ
∫ ∞
0
e−λt(1− 1[1,2](st)) dt
= 1− λ
∫ ∞
0
e−λt1[1,2](st) dt
= 1−
∫ ∞
0
e−τ1[1,2](sτ/λ) dτ
= 1−
∫ 2λ/s
λ/s
e−τ dτ
= 1− (e−λ/s − e−2λ/s) ≥ inf
x∈R
(1− x+ x2) = 3/4.
On the other hand, for s = λ/ ln 2, we have e−λ/s = 1/2 , wλ(bs) = 1 − 1/2 + 1/4 = 3/4 .
Hence,
V [wλ](0, 0, 0) = wλ(bλ/ ln 2) = 3/4 ∀λ > 0.
Thus, the following limits exist, are uniform on Ω ,
lim
T↑∞
V [vT ](ω) = V [v1](ω), lim
λ↓0
V [wλ](ω) = V [w1](ω) ∀ω ∈ Ω.
Remember that K is closed with respect to concatenation. Then, the Uniform Tauberian
Theorem for abstract control system would implies that
V [w1] ≡ V [v1].
However,
3/4 = V [w1](0, 0, 0) 6= V [v1](0, 0, 0) = 1/2.
Therefore the Uniform Tauberian Theorem [1, Theorem 6] does not holds for this abstract
control system.
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